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Problem solving on absolute value — relevance
of visualisation by means of TI-Nspire graphic calslator

Introduction

Mathematics is a subject, which is often regardetha one which students
have the biggest difficulty with. There are a numbkreasons for that, but de-
creasing level of mathematical abilities is relatedthe fact, that traditional
chalk and blackboard together with usually appligigting” teaching style can
be insufficient in teaching-learning process foyoang man growing up in the
environment of modern technology. Visualization tlee most appropriate
method to be applied in the contemporary World,rmadirect impact on all of
students senses. Information being analyzed ansepted in graphical form
make up an extraordinarily relevant component englsitudents to notice some
facts, correlations and relationships and henge hieh to solve the given prob-
lem. Thanks to visualization data and relationshipsveen them can be pre-
sented in a way that reliably reflects the realityis usually impossible with
regards of time to make a dozen or even severandof drawings illustrating
the problem on a blackboard or in the notebooksidés, our drawings are of-
ten inexact and do not meet the generality contstahich can cause incorrect
interpretation and finally mistaken problem solatid/isualization comprising
of proper coloured objects and symbols as welluasent values displays en-
ables to underline and notice the most relevamguaes of defined object.

1. Relevance of visualization in mathematical proleim solving process

The article will cover some of those mathematicadbfem types where
graphical analysis of solution plays a relevant.r8ince problem solving favors
development of basic mathematical activity and agdshment of teaching
objectives, we should be concerned to select theopeply. Problems can be
classified according to different criteria. A teactshould be aware of a wide
variety of them when selecting them to be solvedtoglents. Through problem
solving one can introduce and form new definitiotiscover and justify theo-
rems, take advantage of gathered knowledge, veatp and complete them.
While solving a problem student becomes a creatdradiscoverer. Problem
solving is what releases student’s creativity irtipalar.
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A teacher should organize teaching process in athatyconcerns student’s
active attitude and enhance his orientation tooactA method based on this
assumption is called by Z. Krygowska ,functionalthea”. Didactic measures
applied in teaching -learning process play a ralewale in the above mentioned
method.

Didactic measures facilitate activating methods, be&dp to master lasting
knowledge and to take advantage of them in praclieehnology and latest
information technology development offer more andrenpowerful didactic
measures such as a computer, subject softwarehigahpalculator, multimedia
projector or interactive table. We should rementhat for young people grow-
ing up in a culture of pictures traditional chahkdablackboard and usually ,giv-
ing” teaching style can turn out to be insufficiamteaching-learning process. In
the article we will draw particular attention teetbne of quite popular didactic
measure, namely calculator. It is of quite commse i everyday life. Its appli-
cation in mathematics raises still doubts, thoughdrowing number of device
adherents believes, that benefits of use it faudent and the whole mathemat-
ics education process can be fairly significant.

Currently available graphic calculators are trullyanced devices, so called
,calculating and analytic machines”. Product of agxnstruments Nspire CAS
CX is worth mentioning as it offers huge calculgtpossibilities and facilitates
presentation of results in algebraic, graphicabngetrical, numerical and textual
form. There can be analyzed up to four presentat@mnthe colorful screen at
the same time. It is a calculator of CAS (Compuétigiebra System) type, so it is
possible to make symbolic calculations as well.

The attention should be drawn to the fact, thatident with use of calcula-
tor can complete the deficiencies in making elemgnbperations, certainly
only then, when they are not a lesson objective2000 Bernhard Kutzler cre-
ated a theory, which determined the role and digarite of graphic calculator.
He attributed the role of ,mathematical scaffold’it. In fact, while building
a house each next floor can be build not beforeptegious one was success-
fully erected. While learning mathematics a studeant master the following
contents just after the previous contents had beastered and assimilated.
However, it is quite common that there is too fdasses hours to form a solid
foundations for further education. Thus constructid ,mathematical home” by
each student seems to be incomplete. Here thegonalic question occurs: how
to build the next floors of knowledge on the incdete foundations i.e.
;mathematical home”? Kutzler claimed that we cahiexe it if calculator or
computer become the scaffold enabling a studergaoh the next level. Calcu-
lator will help to erect ,mathematical home” withinuch shorter period, but it
will require a student to master new abilities. dreas are going to face new
challenges as they are going to be responsibleraper and wise education
with use of this measure. It obviously requiresntodify objectives, curricula
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and teaching methods. When curricula is being ,sl@d” constantly and re-
quirements are being decreased, teaching proces&ldte supported with new
technology tools such as computer or calculatoe [akter, because of its small
size and low price can become a real student’sdrielowever, to be able to use
calculator during the lessons one should get aotgaiwith technical instruc-
tion, basic functions, facilities and define iteefidness to accomplish specific
teaching objectives. Besides, a teacher has tobleeta include those lesson
fragments, which are to be supported with graphsedtulator use in teaching
process and to establish appropriate forms of watk these medium with re-
gards to possibility and situation. However, a gitor is still being used occa-
sionally to support didactic process at school.Hdatatics that can be presented
to a student with use of calculator is though kyvimathematics being created
before his eyes. Student can ,touch” the probldms lhave been too hard or too
complicated to understand to him. Use of computexducation supports tradi-
tional contents and forms of message, deliversmethods and measures which
enable to perceive the way to communicate knowleédge different way than
before. Calculator can also be used to make coatpliccalculations, to confirm
achieved results, to observe relationships, to nigketheses, to draw function
graphs, but also it helps to develop new abiliéigs ability to experiment and to
notice a problematic situation.

Visualization of geometrical, algebraic and otlesuies should help to estab-
lish problematic situation above all, should mativa student to solve problems,
to ask questions, to search for different solutimnthe defined problem and last
but not least to develop and shape student's inatigim Visualization of
mathematical problems is also to speed up adopfi&nowledge by a student.

2. Use of TI-Nspire calculator to solve problems ipractice.
Below we will present different ways to use graphicalculator to solve
problems on absolute value.

Exercise 1Simplify the expressiofy +|2~- X for x>2
Initially we should define values that functior§(x)=x1i f,(X=2- x

will take for x>2. We will take advantage of Pic. 1, which was dromith use
of graphic calculator TI-Nspire application.
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f1(x)=x

10

» .73

Pic. 1. f,(x) =x i f,(X =2- X functions graph

It is easy to note, that fox>2, |[x = xand |2-X = x- 2, so for x>2we
will achieve|x| +|2- X = x+ x- 2= 2x- 2. Obviously we can use a ready to use
option installed in calculator application and fitite solution of our problem
immediately (Pic. 2).

|x|+|2—x|p:>2
2 -a2xxc—2 H

Pic. 2. Simplification of expressior{x +|2- ¥ for x>2

Exercise 2Solve the equatiojx -1 - 2 x- 3+ 3x- 3= 4
Using a calculator we are drawing graphs of thelovahg func-
tionsf,(x) = x-1, f,(X)= x-2and f,(x) =x-3

eSS

2.1
Pic. 3. Graphs of functions f,(x) = x-1, f,(X)=x-2, £(X)= x-3
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Axis was divided with points 1,2 and 3 in three stls within which we will
consider our equation.

1. If xO(-,, then |x-1=-x+1|x=3=-x+ 2,| x- $=-x+ ¢ and the
equation takes a form-x +1+ 2x— 4- 3x+ 9= 4, hencex=1.

2. If xO(L2, then|x=1=x-1,|x- 3=-x+ 2,| x- 3=- x+ Zand the equa-
tion takes the formx—1+ 2x— 4— 3x+ 9= 4that is 0=0, so here we have
every number form the range(tf2 as a solution.

3. If x0(2,3, then|x-1=x-1,|x= 3= x- 2,| x- 8=~ x+ Z and the equa-
tion takes the formx-1-2x+ 4- 3x+ 9= 4, and hencex=2, provided
20(2,3.

4. If x0O(3,+x), then|x-1=x-1,|x- 3= x- 2,| x- $= x- Zand the equa-
tion takes the fornx—1- 2x+ 4+ 3x— 9= 4, hencex=5.

Considering points 1-4 we achievgx—1-2x-2+3x- 3= 4, if
x0{1,2 O x=5.

We can find a solution of our equation by meansadtulator. Now we are
going to make graphs of functiong;(x) =|x-1-2/x- 4+ 3x- 3 and y=4
in the common coordinate system. Abscissas of campwints joining both
functions graphs will be the solution of the eqoiat{Pic. 4).

548N .
] \fe'..".', B
1 5 y=4
k 0.2 ; : : .
7 -0.83 (i)-? 1 2 5 7.29

Pic. 4. Graph of functions f(X) :|X—]j - 2| X— q+ 3x— $ and y=4

It is easy to note, thak -1 - 2/ x— 4+ 3x~- 3= 4then and only then, when
x0{,2 O x=5. In this case mathematics will not be associatgedthdents
with boring and difficult calculations and trangfmtions.

Raised problem visualization can be the pretexdtaot discussion on solu-
tions of other equations regarding for example @abfi right side of starting
equation. There are a number of possibilities twqgog or to modify the prob-
lem. We should remember that we can change gra@rameters and observe
changes in the real time using ,grab and move” fionc It would be rather
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troublesome to make such modifications and chamgasstudent notebook. It is
worth mentioning that we can solve our equatiorihagelp of the calculator and
the option embedded in it, which takes less timeitowill not favor to shape
and develop elementary mathematical activities aysibetudents. However, if
the lesson’s objective is to achieve quick solutiga can use ,solve” function
(Pic. 5).

*Unsaved <=

solve(lx— 1|—2-|x—2|+3 -|x—3|=4,x)

1=x=2 or x=5

Pic. 5. Solution of the equatiorix—]j - 2|X— q+ f:}x— $= 4

Excercise 3.For which value ofm parameter the equatiob<2 —8><1 = mwill
achieve exactly three roots?

We will draw in the common coordinate system gramlfisfunctions:
f,(X) =X -8x and y=m. Using ,slide” option, in case of the latter fuioct,
we can in a simple way give numeral valuertparameter and observe changes
on the graph in the real time. It will enable usetsily find the answer to the
raised question.

y=m
% m=7 % m=16
Ql::':J:";_E;""T‘ f2|::-::|=|:~:3—' ‘
y=m
3
K J X
’T:U o7 -1.78 O 8 18.83 Y o7 178 '}0.’ 5 Fp

Pic. 6a, 6b. Mutual position of f,(X) = X* =8x and y = m function graphs

It should be noticed that equatidm2 —8)4 = mhas exactly three roots (Pic.

6b) then and only then, when graphs of the functi¢r) and yintersect each
other in exactly three points. When selecting adégwalue ofm (,slide” —
choosing upper triangle we increase parameter yal choosing lower trian-
gle we decrease value imj it turns out that this situation takes placenf16.



Exercise 4 For which value ofa parameter equatio¢x2+2x+ 4:2will
achieve four different roots?

Suppose f,(x) :‘xz +2x+ 4 Let's study the position and shape of above
mentioned function in relation t@ parameter. We will use ,slide” option once
again. It should be noticed, that fa=-1, f,(-1)=|a-1. When manipulating

the value ofa parameter it is not difficult to notice, that thaléwing, specific
positions of f; function graphs are possible (Pic. 7a, 7b, 7c).

1(x) =‘:~::‘J +2 ‘x+a|

w4 2l

5. 28 -1 0.5 6. 14

» -2 34
_ A

Pic. 7a.Graph of function f, for a<1

*Unsaved <=

AbL
—!\J/ ak2. S8y a>1
flx)=[x%+2 x+a| f1lx)=x%+2 :v+a|
‘‘‘‘‘ 4la-1]

0.5 Q. 5"

& X X,
-5. 28 -1 0.5 6. 14 -5.28 -1 0.5 6. 14
€Y - €Y -

» 2.34 S 234 K

Pic. 7b, 7c. Graph of function f, for a>1 and a=1

Equation‘x2 +2x+ 54= 2has 4 solutions only then, when function graphs

fl(x):‘x2 +2x+ 4and f,(X) =2intersect in exactly four points. When

changing value ol parameter students will surely notice, after asialy the
situation presented on Pic. 8a and 8b, that equ4ﬁ6+ 2x+a4=2 has 4
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solutions then and only then, whanl(—,-1). Considerably the defined equation
has 4 roots, whefa-1 > 2 0 a<1, hence-a+1> 2 and finallya<-1.

*Unsaved <=

2 A
A ) 5.92:)4 A ) 5.92:V

I1(x)=

x“'+2-;-:+a‘

b e
5522 0,904 4.08 F‘Q ‘ 0,904 4.08

Pic. 8a, 8b. Mutual postion of f,and f, function graphs

Excercise 5Find the minimum value o0&’ + (b—1)* expression for those value
of a and b, for which the equation|z-4/-2-az+4a- b= 0 achieves 3
different roots.

Initially we should note, that equatiga -4/ - 2 - az+ 4a- b= Qis equivalent
to equation|[z-4 -2 = a(z- 4)+ k, which after substitutiorx=z-4 finally
takes formj|x| -2 = ax+ b. Supposef,(x) =¥ -2 i f,(¥=ax+ L

This time position of function graplh, depends on two parameters a and b.
We will use ,slide” option twice — for parameteaad b.

We will study mutual position of both function grep by manipulating
parameters value. Selecting right values of a ammhrameters it turns out that
equation||x| - 2| = ax+ b has 3 solutions exclusively in three cases shalowb

' 2.1 LR

(<
> a=-5

f2(x)=ax+b

LY
-9, . -0 : 12 10.57
» 415 » -4.15




as well if function graph denotind, intersect point(2,0) or (-2,0)(Pic. 10a
and 10b).

' PAR > “Unsaved < g~ ' AN > *Unsaved <

. f2|[:-::|=a-:c+b -
» -3 38 e 338

Pic. 10a, 10b. Mutual position of function graph deoting f, and f,

We can solve the follwing cases, where equaHiijr 2| =ax+ b has three
roots:
a)b=21i al(-1,1)(Pic. 9ai 9b),

b) b =-2 orb=2ai al(0,1)(Pic. 10a),
a

C) —E:Z or b=-2a i al(-1,0)(Pic. 10b).
a

If we substitute the expressi@i + (b—1)*with b=2 we will obtaina® +1,
which reaches a minimum equals 1 far=0. In case b=2aexpression
a’+(b-1)’takes a form and reaches minimum equéls‘or az%(b:gj.
Whereas ifb =-2a our expression can be notedafs+ (—2a—1)* = 5a° + 4a+ 1,

Then the minimum is reached far= —%( :gJ and equalsé .

Thus expressiona’ +(b-1)° takes the lowest value being equétfor

a:ig, b:il (Pic. 11).
5 5
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w[:a,b:]:=a2+[:b—1:}2 Done g

wla,2) a’+1
3

fMin(a2+1,a,||n>’1 and a<1 a=0
w{0,2) 1
wla2a) 5-a’—4-a+l
MII(S'H2—4'G+1.G)|G>G and a<1 a:g
5
I 1
w == =
15 5) 5
w(a 2 ﬂ) 5-a2+4-a+1
M11(5'02+4'n+1,(1)|a>-1 and a<0 a:-—z
5
_2 4 1
w—,= B
5 5 5

10/89

Pic. 11. Calculating the lowest value o + (b—1)* with use of TI-Nspire
calculator

4. Conlcusions

When using a calculator we are able to constantdify the picture, we
can experiment and observe the dynamics of matheahabjects changes.

The dynamics of objects transformations on theutator display is possi-
ble, easy and fast to be observed which seem @ thaugh enormous weight in
teaching process. Picture that is being formedyisnhic — and thus considera-
bly more assimilable — easer to be accepted andmé@red by a student. While
working with calculator a student becomes a dismmvd-acts, relationships or
theorems that he discovers are kept in his mina fong time.
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Abstract

In the article authors present concise descriptfovisualization being used
as a tool in problem solution process. They ersizbahe role of visualization
while solving problems regarding absolute value.

Key words: data visualization, teaching mathematics, graphaigulator.
Znaczenie wizualizacji procesu rozwjzywania zada z wartoscia
bezwzgkdng za pomog kalkulatora graficznego TI-Nspire
Streszczenie

W artykule przedstawiono ze#la charakterystyi wizualizacji jako narg-
dzia przydatnego w procesie roagywania zada Podkrélono rok wizualiza-

Cji przy rozwihzywaniu zada z wartgcia bezwzgédm.

Stowa kluczowe:wizualizacja danych, nauczanie matematyki, kathulgraficzny.



